The Fourier time transform of the electromagnetic oscillation of a continuously redshifting CMB mode, appropriate to an observation or interaction lasting a very short interval of cosmological time at the present epoch, was performed by exact analytical integration and stationary phase. Both results are in full agreement, and pointed to the existence of pulses of duration ∆t = π 2/(ω 0 H 0 ) ≈ 3,000 s in the time domain, where ω 0 ≈ 10 12 s and H 0 ≈ 70 km s −1 Mpc −1 are respectively the mode and Hubble frequencies. This may be interpreted as a 'geometric beat' effect between the two frequencies. Within a pulse the frequency of the mode is frozen in time as an adiabatic invariant, whereas from one pulse to the next it redshifts in a 'quantum jump' of amount ∆ω 0 ≈ 2π/∆t ≈ 10 −3 Hz. Despite the presence of many emission modes in the CMB, the Fourier power within the relevant range of pulse periods (40 -70 minutes) is very strong, being determined by the CMB black body spectrum. The phenomenon can therefore be observed as direct evidence for space expansion. The same pulses also present themselves as low frequency electric fields that accelerate free electrons to a limiting Lorentz factor of Γ ∼ 10 4 . The ensuing inverse-Compton and non-linear synchrotron radiation can account for the observed fluxes of the soft and hard X-ray excesses of clusters, and the SZ anomaly in the WMAP data, with a remarkable consistency in numbers.
Introduction, formulating the Fourier transform
The cosmic microwave background (CMB), together with the phenomenon of Hubble expansion, remain to date the two observational pillars of the ΛCDM standard Big Bang cosmology. Accompanying the remarkable success of the model (Spergel et al 2007) are plenty of unanswered questions and criticisms (White et al 2007 , Brandenberger 2008 . Somewhat going against the keen incentive to carry on with the staggering progress, in this paper we adopt a regressive stance by requesting the reader to return to one of the very first steps (s)he undertook, i.e. by coming to terms with cosmic expansion. This is because the more a phenomenon is taken for granted, the more one needs direct evidence of the 'Higgs Boson' grade. If space expanded continuously after the Big Bang and the CMB is the relic radiation, it should not come as such a surprise to find the imprint of expansion encoded unambiguously in the CMB time signature. More precisely the CMB, unlike any black body radiation, carries with it at any epoch the information of two vastly different frequenciesthe electromagnetic oscillation and the Hubble constant. The question not yet explored has to do with a possible interplay between the two, that may lead to an intermediate (or 'beat') frequency more in tune with the tractable timescales of our daily experience.
We investigate the CMB behavior at our epoch, initially by considering one representative normal mode, viz. an angular frequency ω 0 within the main passband of the CMB black body spectrum. As will be shown, the fact that the full spectrum has a range of frequencies does not affect the observational consequence to ensue from this treatment. If there is no expansion of space, then in the present context the CMB electric field may be written as a plane wave, E = E 0 exp(−iω 0 t + k · r). For a non-relativistically moving observer O who measures the wave between the times t = −T /2 and t = T /2, we may ignore the k · r part of the phase. The Fourier amplitude is
In the limit T → ∞, |E(ω)| 2 tends to 2πT |E 0 | 2 δ(ω − ω 0 ). The energy radiated per unit time, or power, is a constant in the time domain, (because T is divided out) which is a delta function in ω, i.e. the spectrum is a sharp line. The total detected power is obtained by formally integrating the spectral emissivity |E(ω)| 2 /(2πT ) over all frequencies. It equals |E 0 | 2 , in compliance with Parseval's Theorem.
If the Universe expands, it will be possible to describe each CMB mode as a plane wave only adiabatically, over a large but finite number of wave cycles to be determined below. Unlike any other extragalactic source, where the change of detected frequency with time is second order in the Hubble constant, as time elapses one sees the CMB as coming from different comoving distances r, because the cosmological epoch of emission τ = τ e is unique. Thus, the complete wave phase of an evolving CMB mode is given by φ = −(ω e η −k e ·r+φ e ), where ω e is the wave frequency at τ = τ e and η is the conformal time, defined as
with a(τ ) being the expansion parameter at epoch τ . For the same slow moving observer O who measured during the (−T /2, T /2) interval of local time centered at τ = τ 0 , the temporal part of the phase may be Taylor expanded around τ 0 to become
where t = τ − τ 0 and ω 0 = ω e a 0 /a e = ω e (1 + z). From (3), we see that the decrease of the CMB frequency with time is first order in H 0 , and there could be observable consequences. Furthermore, the CMB electric field scales with redshift as (1 + z) 2 , because the CMB energy density U ∼ |E| 2 has the redshift dependence of U ∼ (1 + z) 4 . Thus, altogether we can now assemble the Fourier transform as
This is the transform appropriate to short observational intervals H 0 T ≪ 1 under the scenario of space expansion. Note that the phase φ 0 can be taken out of the integral, it disappears when the observable quantity of Fourier power, |E(ω)| 2 , is computed. We will henceforth neglect φ 0 .
The Fourier integral: direct evaluation and application of the stationary phase technique
In the first method, we directly compute the indefinite integral itself, viz.
where erfi(z) is the imaginary error function, defined as
The last term on the right side of eq. (5) can be neglected, because with ω 0 ≫ H 0 it's amplitude is much less than that of the preceding term. For a given frequency ω, then, provided the integration limits of t = ±T /2 satisfy the inequality
we can simplify the argument of erfi(z) in eq. (5) 
the erfi function itself can assume the asymptotic form
enabling us to write
where the ± sign applies to t > 0 and t < 0 respectively.
Hence, it is now apparent that so long as eqs. (7) and (8) hold the first term on the right side of eq. (10) can be neglected, and E(ω) will saturate at the value of
Note that E(ω) has finite values only when ω ≈ ω 0 . As H 0 → 0 we have
where in the last step use was made of a standard mathematical form of the delta function: 2πδ(x) = (1 − i) π/s exp(−ix 2 /2s) in the limit s → 0 + . In essence, the expression π/s exp(−ix 2 /2s) formulates a line of width √ 2s. In the absence of Hubble expansion one recovers the expected Fourier transform of a plane wave, eq. (1).
Since eq. (11) depicts a spectral line profile of width ∆ω ≈ √ 2ω 0 H 0 , in the time domain, it must then correspond to a pulse, namely a plane wave of frequency ω = ω 0 spanning the time interval ≈ ∆t, where
This is completely consistent with eqs. (8) and (9), which say that the main contribution to the Fourier power at the line frequencies of ω 0 ± ∆ω comes from those values of t within the range ± ∆t/2 of t = 0. As in the case of the infinite plane wave of eq. (1), where we found the standard result of |E 0 | 2 for the total power radiated at all frequencies, the same statement of Parseval's Theorem applies also to the pulse, with the power defined as the total energy |E(ω)| 2 dω (where E(ω) is given by eq. (11)) divided by the pulse duration ∆t of eq. (13). One needs to appreciate that while in eq. (1) radiation is emitted at all times and the power is constant because the output energy is forever directly proportional to time, under our present scenario of a pulse the emission of energy takes place at the same rate of |E 0 | 2 only for a time ≈ ∆t. If ω 0 is the peak CMB frequency ω 0 = 2πν 0 where ν 0 ≈ 160.4
GHz, this pulse will last ∆t ≈ 3,000 s, i.e. about an hour, assuming a Hubble constant of h = 0.7.
In a second way of arriving at this potentially testable consequence that may lend further insights to the situation, we re-write the exponent of the integrand of eq. (4) as iωϕ(t) where ϕ = t − ω 0 (t − H 0 t 2 /2)/ω, to find that the time at whichφ = 0 is t = t s where
Thus, E(ω) in eq. (4) can be calculated using the technique of stationary phase (e.g. Lighthill 1978) with the link path along which constructive interference (coherence) occurs to converge the integral towards a finite value being a piece of the imaginary t-axis located at t = t s , and with ϕ(t) Taylor expanded around t = t s to second order,
The result is
The integral in eq. (16) reaches the limit (1 + i) π/(ω 0 H 0 ) provided T satisfies eq. (9). It is then elementary to prove that E(ω) has the same expression as that in eq. (11). Yet the importance of this second method of calculation , apart from cross-checking the first, is that it reveals a 'coherence time zone' within which the rapid oscillations of the integrand in eq. (4) accumulate without cancellation, and beyond which destructive interference prevents the integral from growing further w.r.t. to the magnitude of the integration limits ±T /2. This zone is evidently determined by eq. (13).
3. Mathematical versus physical pulses, the role of a broad band black body spectrum, and observability of the pulses
Although the Hubble expansion causes the radiation of one redshifting CMB mode to arrive as a pulse, and the integral in eq. (4) does not deliver more power than that of one pulse no matter how much we extend the observation time T , in practice it is completely counter-intuitive to envisage the CMB power as having the usual value ∼ |E 0 | 2 only during one pulse. In other words, where are the other pulses, and why apparently an observer does not see them however long (s)he waits? The answer is quite subtle. We return to the starting point of section 2, and let the astronomer look at a part of the CMB sky between the cosmological epochs τ a and τ b , both of which are near the τ = τ 0 epoch, except this time (unlike section 2) we freely let τ b − τ a to become as large as possible, certainly ≫ ∆t, so that a Taylor expansion of the electric field and mode frequency around one fixed epoch τ 0 is no longer sufficient. To describe this 'multiple pulse' observing run, it is necessary to divide τ b − τ a into N intervals, where N is optimally chosen to satisfy N∆t = τ b − τ a with ∆t again given by eq. (13). More precisely we mean that (17) is 'disconnected' from the others in the sense that it represents a 'spectral line' of CMB radiation observed at the frequency ω = ω j 0 . The intensity of the line will not grow much more with time beyond the optimal integration limit of T ∼ ∆t, because at later times, the same mode will manifest itself as lines associated with the trailing terms of eq. (17), and the frequency of the lines will monotonically decrease, in quantum 'jumps' ∼ ∆ω 0 from one line to the next. In time domain, each line corresponds to a pulse of duration ∼ ∆t, within which the wave frequency is frozen in time at ω = ω j 0 . We note also that the detected CMB energy from this mode during the time τ b − τ a , viz. |E(ω)| 2 , is the sum of the squared moduli of all the terms on the right side of eq. (17). In other words, the 'cross terms' do not contribute because of incoherence, i.e. the spectral lines do not overlap -they are separated by the amount ∆ω. The conclusion is that from each CMB mode an observer does see along the time-axis multiple pulses of ever-increasingly redshifted frequencies, and therefore by the analysis of the previous section the total received CMB power among all the pulses is the same constant ≈ j |E j 0 | 2 /N ≈ |E 0 | 2 irrespective of the length of the observation. The clearest indication for sporadic delivery of CMB energy under the scenario of finite Hubble constant stems from the fact that, unlike the case of a continuous wave train propagating in non-expanding space, the energy of the pulses add incoherently.
In our analysis thus far, account has not been taken of the broad band nature of the CMB black body spectrum, which consists of many modes covering a frequency range δω ≈ ω max 0 ≈ 10 12 Hz. We will therefore generalize one of the terms in eq. (4) to include the effect of other modes, by expanding it as a linear superposition of single plane wave modes of frequency ω k (τ ) and field ǫ k B k (τ ), where ǫ k and B k are respectively the CMB polarization and black body function for the mode 1 k.
Following the procedure of the Taylor series that led to eq. (4), the Fourier amplitude of a mode is now E k (ω) = ǫ k I k (ω), where
i.e. we allowed for the random variation in the phase φ k 0 among modes. Any one term in the total Fourier amplitude E(ω) = k E k (ω) is a line of width T k ≈ ∆ω k = 2ω k 0 H 0 , and represents in the time domain a pulse of width T k ∼ ∆t k where ∆t k is as given by eq. (13) with ω 0 → ω k 0 . Owing to the relative randomness of φ k 0 ) between two modes, cross terms in
2 drop out, and the total CMB power is
i.e. it equals the sum of the power of all the modes, as expected.
With the foregoing development the question of what one can actually hope to see may now be answered. Each CMB mode k will 'stampede' across the passband of the telescope filter, as it triggers repetitive pulses of microwave energy, all at approximately the frequency Ω k 0 = 2π/∆t k ≪ ω k 0 . The total CMB amplitude as observed through the passband will vary at two very distinct timescales, one at the usual electromagnetic oscillation periods, and the other at the much longer period ∆t. Strictly speaking, the latter is due to the superposition of many pulses with different phases, and periods ∆t k ranging 2 from ∼ 2,400 s to ∼ 4,200 s.
Thus the output telescope signal will exhibit a long term behavior that is aperiodic, yet containing a very significant excess of Fourier power on the hourly scales, even though the domination of noise over these scales may present formidable challenges to any data processing and interpretation effort. Specifically the power for each scale ∆t k is given by the black body function at mode k. In this way a single model involving B(ω), the telescope response function, and H 0 as the only free parameter, can be employed to fit the Fast Fourier Transform (FFT) data stream of an appropriate CMB observation.
1 Two modes with the same comoving wavevector but distinct polarization states will be assigned different mode indices k and k ′ under this scheme, where 4. Non-thermal particle acceleration in clusters: a 'low frequency' SunyaevZel'dovich effect
It is known that an electromagnetic wave with Fourier power at very low harmonics, in this case of frequency ∼ Ω 0 = ∆ω = √ 2ω 0 H 0 may undergo non-linear (or multiple photon) Compton scattering with freely moving charges. Here we apply the results of sections 1 -3 to the cosmological scenario of ionized electrons and protons in the hot plasma of a cluster of galaxies, where the scattering in its ordinary sense of charges accelerated by the electric fields that oscillate at the electromagnetic frequency ω 0 of the CMB is referred to as the Sunyaev-Zel'dovich (SZ) effect.
In addition to the wave frequency ω 0 we now have for the redshifting CMB also the pulse frequency Ω 0 . These pulses can propagate through a cluster, because Ω 0 is below the ∼ 10 −2 Hz of ion cyclotron frequency for protons in a typical cluster magnetic field of B ≈ 1 µG. The Lorentz invariant nonlinearity parameter Γ (e.g. Gunn and Ostriker 1971) , defined as
is dimensionless, and has the value Γ ≈ 1.87 × 10 4
for electrons. Since evidently Γ ≫ 1, the pulse modulation of the CMB electric field is quite unlike the normal wave field at the frequency ω 0 . In particular when Γ ≫ 1 electrons are accelerated to relativistic speeds during one (pulse) cycle. The ensuing frequency and flux of the scattered radiation are characteristic of synchrotron emission of the electron at the gyration frequency Ω 0 and Lorentz factor Γ, viz. the typical angular frequency of the outgoing photons are ω ∼ Γ 3 Ω 0 = 1.41 × 10 10 Hz, and is once again in the microwave range. Yet because the scattered power per electron,
where σ T is the Thomson cross section and U CMB is the CMB energy density, is so much larger than that of conventional SZ effect, a substantial fraction of the SZ decrement in the CMB flux is now 're-filled' by the new process. This may be the explanation (see below) of the apparent absence of the SZ effect in the WMAP database (Lieu et al 2006 , Bielby & Shanks 2007 .
Perhaps equally interesting is the possibility of inverse-Compton scattering 3 of these high Γ electrons, with CMB photons at the ω 0 frequency. The emission spans the X-ray passband up to ω ∼ Γ 2 ω 0 = 3.5 × 10 20 Hz, and may represent the long sought after solution of the origin of cluster non-thermal population, including the debated existence of an underlying power law in the thermal X-ray spectrum and the soft X-ray excess (Durret 2008 .
Further details on the spectra of the relativistic electrons produced in the cluster medium by the CMB pulses and the scattered photons at microwave and X-ray energies will not be worked out here. We do however wish to demonstrate the feasibility of the energy budget. The power radiated in the X-rays is also given by eq. (22), so the lifetime of a high Γ electron against both types of scattering is ∼ Γm e c 2 /P ≈ 10 8 years. Within the same time, the total CMB flux incident upon the 'surface' of a cluster, F = 4πR 2 σT 4 CMB where R ∼ 1 Mpc and T CMB ≈ 2.728 K, is F ≈ 2.22 × 10 59 eV s −1 . Thus, in 10 8 years the CMB can sustain a maximum non-thermal energy of ≈ 6.7 × 10 74 eV within the cluster's 1 Mpc radius, viz. the electrons so accelerated will be able to 're-fill' completely or substantially the SZ decrement. They will also deliver a power-law X-ray brightness satisfying the necessary 'near equipartition' non-thermal pressure against the hot plasma to account for the soft and hard cluster excesses, because the energy of electrons and protons in a kT ∼ 5 keV plasma of density n e ∼ 10 −3 cm −3 (both representative parameters of a rich cluster) is ≈ 1.8 × 10 75 eV.
Conclusion
The question of the observability of a geometric beat signature between the CMB electromagnetic oscillation and the Hubble frequency was discussed, in the context of a potentially direct way of determining the Hubble constant that is free from the usual confusion caused by parameter degeneracy.
The best recipe for carrying out such a measurement is to look at a fixed area of the last scattering surface for a period ∼ days and with a resolution ∼ minutes, and analyze the data by e.g. FFT. It is not the purpose of this work, however, to find out whether past and present missions (like COBE/FIRAS, Mather et al 1994; and WMAP, Bennett et al 2003, Spergel et al 2007) have already gathered the necessary data to deliver a verdict, nor what future planned missions (most notably Planck, Tauber et al 2003) can accomplish within the scope of their existing observational timeline.
Indirect evidence for the existence of pulses is particle acceleration via non-linear SZ effect. The numbers on the basic energetics of this mechanism do work out remarkably well in accounting for the essential features of the hitherto unexplained soft and hard X-ray excesses in clusters, and the SZ anomaly in the WMAP database.
